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bility analysis of reducible quadrature methods for Volterra integral

*
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FRACT

Direct quadrature methods, reducible to linear multistep methods for
ving ODEs, are applied to a test equation of the convolution type. The
ference equation for the numerical solution and the associated stability

ynomial are derived. A definition of A _-stability is given and it is

0
wn that the direct quadrature methods we consider cannot be Ao—stable.
boundary locus method is used to determine the regions of absolute

bility. For the backward differentiation methods diagrams of such re-

ns are presented.
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INTRODUCTION

Consider the Volterra integral equation of the second kind

X
1) £(x) = g(x) + J K(x,y,f£(y))dy, 0 £x <X,
0

re £(x) is the unknown function, and where g(x) and the kernel K(x,y,f)
given functions. We assume that the conditions for the existence of a
Jue continuous solution are satisfied (see e.g. [1, p.80J).

Direct quadrature methods for the numerical solution of (1.1) are ob-

ned by applying quadrature rules of the form

Xn

n
[ ¢(y)dy ~h )

W .¢(x. 2 X, = 'h.’
O

liscretize (1.1), and yield equations of the form

n
2) £ =9(x) +h _Z LARSCIE INENE n=>kzx1,

j=0
values fn approximating f(xn). Here, the value of k depends on the
ired accuracy. If the required starting values fO (= g(0)), fl""'fk—l
known, the values fk'fk+1"" can be computed in a step-by-step fashion
iR [1, ch.6] discusses a wide variety of numerical methods for (1.1) in-
ling the methods (1.2) for various choices of the weights wnj-

In this paper we consider the class of quadrature methods which are
icible to linear multistep methods for solving ODEs. The construction
analysis of such quadrature methods is treated in [10]. We shall use
sequently an important property of the weights wnj: it holds, for

2k, that
0 if 0 < j < n-k-1,

k

3) )

b . if n-k £ j £ n,




ere we have defined an = 0 for j > n. The real constants a, and bi
= 0(1)k) are the coefficients of a convergent linear multistep method.
assume that a # 0. From the theory of linear multistep methods for

Es (see e.g. [8, p.30]) we recall the characteristic polynomials p and
defined by

.4) p(g) :=
i

Il o~

k-1 X i
a,g ’ U(C) = Z b,C ’
i .

0 i=

e consistency conditions p(1) = 0 and p'(1l) = o(1), and the fact that p
i1 0 have no common factors. Furthermore, the polynomial p is assumed to

tisfy the root condition, that is p(z) = O implies |z| < 1 and p(Z) =

(z) = 0 implies |z| < 1. The quadrature method (1.2) associated with the
lear multistep method (p,0) through (1.3) is said to be (p,o)-reducible:
The stability behaviour (for fixed h # 0 and n - ») of various method

the form (1.2) has been analyzed by BAKER & KEECH [2] with respect to
> test equation

X
.5) f(x) =1+ A J f(y)dy.

0

can be derived (see [10]) that the stability behaviour with respect to
.5) of (p,0)-reducible quadrature methods is determined by the roots of

: characteristic equation
6) p(g) - hA o(g) = 0.

» stability behaviour is well-known from the ODE-theory, since (1.6) is
:ntical to the characteristic equation of the linear multistep method
o) applied to the ODE test equation f' = Af (to which (1.5) is equiva-
1t) . Thus the stability analysis based upon (1.5) is straightforward,
ch is a consequence of the fact that the kernel in (1.5) is independent
X. '

The main purpose of this paper is to analyze the stability behaviour

(p,0)-reducible quadrature methods with respect to the convolution test

lation




P
" f(x) =1 + J {\u(x-y) YE(y)ay, AU e IR,
0

th is an extension of (1.5). The choice of this test equation was

vated by the requirement that the kernel in (1.7) depends upon x on

one hand. On the other hand we chose the convolution, because Volterra
sgral equations of the convolution type occur frequently in applications
1 as demography [7] and renewal theory [5]. The stability analysis based
'1.7) yields more information than the analysis based on (1.5), and an
srtant result we obtain is that (p,o0)-reducible quadrature methods whiéh
A-stable with respect to (1.5) are not even Ao—stable with respect to
7).

In section 2 we discuss the test equation (1.7) and derive the recur-
e relation for the numerical solution fn and its associated stability
momial. In section 3 we adapt the boundary locus method (see [81]) for
determination of stability regions. In section 4 we prove that (p,0)-
1cible quadrature methods cannot be Ao—stable, and indicate a constrast
;:orresponding methods for Volterra integro-differential equations.
section 5 we actually present plots of the stability regions of the
jrature methods which are reducible to the backward differentiation

10ds. We conclude in section 6, with some additional remarks.
STABILITY ANALYSIS WITH RESPECT TO THE CONVOLUTION TEST EQUATION

By differentiating (1.7) twice, it is readily seen that the solution
the convolution test equation is identical to the solution of the second
ar differential equation

£" = Af' + uf, £(0) =1, £'(0) = 0.

a consequence, the solution f(x) of (1.7) tends to zero as x > « if and

y if both A and u are negative. In order to have a stable method, the

(0]

asymptotic property is now required for the numerical solution. That
if fn is obtained with the method (1.2) applied, with a fixed positive

to the equation (1.7), then fn must tend to zero as n > .




Application of the direct quadrature method (1.2) to the test equa-
on (1.7) yields the equations

, § , =n
.1) £ =1+ hA w . E. +hu ) w . (n-3j)f,.
n j=0 ™33 520 ™I 3

stead of differentiating twice, as we did in the continuous case, we
w apply twice a differencing technique to the equations (2.1). We take

weighted sum of successive equations (2.1) to obtain

k k 5 n k
J af . =mn ) bf . +hu D) aw . . (n-i-3)f,
=0 i=0 3=0 i=0 ') )
K , k
. .
h .X b , +h%u ] ib. £

.2) -1
i=0 i=0 +n-d

]

5 n k
- hy X z iaiwn—i E.
§=0 i=0 rJ
2re we have used (1.3) and the equality p(l) = Zai = 0 (recall that, by
finition, wnj = 0 for j > n). Notice that for p = 0, we obtain the dif-
rence equation associated with the test equation (1.5).
Applying the same differencing technique again to successive equations

.2) we find

k k k k
ZZO % iZO 2ifheiog = P2 fZO e iZO Pifn-i-e t
.2 K % '
3) h“y Zoaﬂ iZO b £ . o -
5 n k k
hy jzo izo KZO iaiaﬂwn—i—ﬂ,jfj'

order to rewrite the last term of the right-hand side of (2.3) we define
= b, for J = 0(1)k and b; =0 for j < 0 or j > k. Thus, using (1.3),

obtain:
n k n k

k
. — : * =
jzo iZO e zzo o137 T jzo iZO REESEE




k ' n * k n-i *

= ia. b . f = ia. b.f . , =
iZO 4y ]ZO n-i-375 iZO 8y Ez—i £ n-i-£
) )

= ia, by . p = La b.f i e
iZo 1 pZo L n-i-£ 220 £ jog & n-i-£

sstitution of this expression in (2.3) yields the following recurrence

.ation for the numerical solution fn

k k
2
4) ! ap{ ) a, - b [ha+h u(E-0)3k . , = 0.
=0 “i=0 * 7t S
+ solution fn of this difference equation tends to zero as n - « if and

.y if the roots of the characteristic equation

k k _
5) o (2)[p(z)-hAo ()] - h%y ) azck'z ) bi(i_z)ck—l o
*@=O i=0

+ inside the unit circle. We give the following definitions.

'INITION 1. The quadrature method (1.2) applied to (1.7) is said to be
sjolutely stable for a given hA and h2u if, for these values of hA and
|, the roots Ci of (2.5) satisfy Icil <1, i=1(1k.

"INITION 2. A region R in the (hA,h2u)—plane is said to be the region of
solute stability of the method (1.2) if (1.2) is absolutely stable for
2
(hA,h"y) € R.

"INITION 3. The quadrature method (1.2) applied to (1.7) is said to be

-stable if its region of absolute stability includes the third quadrant,
2

it is, if {(hk,hzu)l hA < 0, h“y < 0} < R.

Since A and p assume only real values, Definition 3 is readily seen

be an adaptation of the A _-stability concept in ODE theory (cf. [4]).

0
We shall refer to the left-hand side of (2.5) as the stability poly-

nial of the method, and denote it by S(c;hl,hzu). This polynomial can

expressed completely in terms of the polynomials p and ¢ and their first

civatives; to be specific

,6) S(E;hlrhzu) 1= Dz(E) - hip(z)o(z) - hzuCEU(E)D'(C) - p(g)o'(z) 1.




om (2.6) explicit conditions for absolute stability can be derived, for
ample by means of the Routh-Hurwitz or the Schur criterion [8, §3.71].

1ce the degree of S is 2k in general, such a procedure becomes increasingl
mplicated, and, therefore, it is more convenient to determine the stabilit

jion by other means.
THE BOUNDARY LOCUS METHOD

In this section we shall determine the region R in the (hA,hzu)—plane
>re the roots Ci of the stability polynomial (2.6) are in modulus less

i unity. To this end we define the set T:
2 . 2
I := {(hX,h"n) | 3¢ with |z| = 1 and S(z;hA,h“p) = 0}.

view of this definition, (hA,hzu) € T when at least one of the zeros of

.6) lies on the boundary of the unit disk or, equivalently, when
i 2
1) se*?;m 0?0 = o,

‘h ¢ running through the interval [-m,7]. Therefore, the set I' (which is
urve or a set of curves) is determined by finding h) and h2u from (3.1)
m ¢ € [-m,m]. Since the zeros of (2.6) are continuous functions of h\

| h2u, the boundary 3R of the stability region R is a subset of T.

The (hA,hzu)—plane is divided by I' into subregions, and in order to
.ermine which of the subregions are regions of absolute stability, it is
‘essary to compute the roots of S(C;hk,hzu) = 0 at a number of appropriate
.ues of hi and hzu.

This technique (also used for ODE methods, see [8, §3.7]) is called
: boundary locus method for finding the region of absolute stability.
contrast to the ODE case, however, the stability polynomial (2.6), as-
riated with quadrature methods for solving integral equations, comprises
» real parameters hA and hzu, and, as can be seen below, degenerate solu-
ns to (3.1) may arise. Therefore we will consider (3.1) (for a fixed
ue of ¢) in more detail and write it, according to (2.6), in the more

nsparent form




7

y 02t - mo ey oe™® - nPuro et et (e - oot (™1 = 0

re p*(c) = ¢p'(z) and 0*(C) = ¢o'(rz). For subsequent use, we write (3.2)

> in the form
3) (A+iB) - hA(C+iD) - hzu(E+iF) = 0,

a2 obvious definitions for A,B,...,F. We distinguish between the follow-

cases.

2 1: p(ei¢) = 0,

Since p and o are assumed to have no éommon factor, 0(ei¢) # 0 for
this value of ¢. Furthermore p'(ei¢) # 0, since the zeros of p on
the unit circle are simple. From (3.2) we then derive that the line
hzu = 0 is part of I'. Note that this case always occurs for ¢ = 0;
since consistency of the linear multistep method requires that

p(l) = 0. N

the following cases we assume that p(el¢) # 0. Equation (3.3) for find-

the real values hA and h2u is equivalent to the linear system

c E] (hk A

4) 2 = ’

D FJ h™u B
re (A,B) # (0,0), since p(el¢) # 0. At this point, one can readily see
t it is sufficient to take ¢ only in the interval [0,7], since for

-¢, ¢e[0,m], the values of B,D and F change sign, whereas the values

A,C and E remain unchanged.

e 2: CF - DE # 0O, p(el¢) # 0.
In this case the sgystem (3.4) has a unigue solution (hk,hzu), which

is a point on I'. H

more interesting cases occur, when the system (3.4) is singular. We

tinguish between three (mutually exclusive) cases.




: CF - DE =0, p(ei¢) # 0, 0(ei¢) # 0.

(0]
w
e
—-

In this case (C,D) # (0,0), and from (3.3) and (3.2) we then
derive that (3.4) has a degenerate solution (which is a straight
line in the (hA,hzu)—plane) if and only if p(el¢)/c(el¢) is real

and non-zero. [ |

> 3,2: CF - DE = 0, p(el¢) #0, G(el¢) = 0, 0*(el¢) # 0.
Now (C,D) = (0,0) and (E,F) # (0,0), and we find the degenerate

2
solution h'y = A/E (if E # 0) or, equivalently, h2u = B/F (if

F # 0) if and only if p(el¢)/c*(el¢) is real and non-zero. [ ]

w
w
.

w

: CF - DE = 0, p(ei¢) # 0, c(ei¢) = 0, o*(ei¢) = 0.

Since (A,B) # (0,0), no solution of (3.4) exists in this case. B

or ¢ = ¢O the system (3.4) has no solution, a small perturbation of [0y
.ds a solvable system and the values of h\ or h2u, or both, tend to
nity as ¢ > ¢O.

The occurrence of degenerate solutions, as mentioned in the cases 3.1
3.2, is not exceptional: for ¢ = 7 the imaginary parts B,D and F vanish,

we obtain from (3.2) the degenerate solution
. 2 2 ] 1] —
) p (-1) = hap(-1)o(-1) + h'ulo(-1)p'(-1) - p(-Do'(-1)] = 0.

As an illustration we derive, in the following examples, the stability

on of two simple quadrature methods.

PLE 1. (the repeated trapezium rule). For the quadrature method (1.2)

hoose the repeated trapezium rule (wnO = wnn =1/2, wnj = 1 for
1(1)n-1), which is reducible to the trapezoidal rule for solving ODEs.
this rule, the polynomials p and ¢ are p(z) = z-1 and o(g) = (¢g+1)/2.

¢ =0 and ¢ = m, we £ind the degenerate solutions h2u = 0 and h2u = -4,

ectively. For O < ¢ < 7, the determinant CF - DE = -sin ¢ does not

sh, and we find the unique solution (hk,hzu) = (0, -2cos ¢ - 2). The set
now completely determined, and from it one easily derives that the
ility region (with respect to the convolution test equation (1.7)) of

repeated trapezium rule is




2 2
trap = {(mx,h"w | nA < 0, -4 < by < 0}.
emphasize that the trapezoidal rule, in view of definition 3, is not

-stable. @

\WMPLE 2. (the repeated rectangle rule). We now choose the repeated rect-

1 1
jle rule (wnO

ler backward differentiation (BD) method or backward Euler rule for solv-

=0, wnj =1 for j = 1(1)n) which is reducible to the first

[ ODEs (p(z) = z-1 and o(g) = ¢). For ¢ = 0 and ¢ = 7, we find the degen-

ite solutions hzu = 0 and 4—2hl+h2u = 0, respectively, and for 0 < ¢ < 7
. . 2

find the unique solution (hA,h u) = (0, 2cos ¢ - 2) from which we derive

it the stability region is

k=1
BD

R {(hr,h%0) | hA < 0, 2hk - 4 < W%y < 0}

c

{(hx,h2u)| hA > 2, 0 < h2u < 2h\ - 4}.

1in we observe that this quadrature method is not Ao—stable. ®

The above examples illustrate a general result which is given in the

Llowing section,

A RESULT CONCERNING THE EXISTENCE OF AO—STABLE QUADRATURE METHODS
The two examples given in the previous section raise the question:
there exist A _-stable (p,0)-reducible quadrature methods at all? The

0]
llowing theorem provides the answer.

IO0REM 1. (p,0)-reducible quadrature methods cannot be Ao-stable.

)OF. Choose, in (2.6), h =1 and a fixed negative A and define

pl(t) o(t)lp(z) - Xo(z) ],

.1)

Il

o, (2) zlo(z)p' () - p(T)o'(T)].




n this definition of Py and o the stability polynomial (2.6) is

’
ntical to the stability polynémial of the linear multistep method
,01) applied with stepii?e h =1 to the ODE f' = pf.

The coefficient of ¢ in pl(;) is ao(ao—kbo) and does not Z;nish for
1itable negative X (recall that aO # 0). The coefficient of ¢ in ol(c)
aokaO - aokbO = 0, and therefore the linear multistep method (pl,cl) is
licit. If p1 and 01 have common factors, they are divided out to yield
/nomials p2 and 02 with no common factors. The method (p2,02), however,
1ins explicit. CRYER [4, theorem 3.1] has shown that explicit linear
:istep methods for ODEs cannot be Ao—stable. This result implies the
stence of a negative u such that p2(C) - ucz(c) has zeros outside the
1 unit disk. For this p and the suitable choice of A, the stability
momial (2.6) has, therefore, zeros outside the open unit disk. Hence

2
1ave shown the existence of a point in the third quadrant of the (hA,h )

1e, which is outside the stability region. [ |
We end this section with two remarks.

\RKS.

The result of the above Theorem can also be derived in a more heuristic
Consider the equation (2.1) for hl -+ 0 and h2u fixed. In this case, all
) -reducible quadrature methods for finding fn become explicit, and,
irly the region of absolute stability cannot have the entire negative

-axis as part of its boundary.

We also want to consider the result of Theorem 1 in connection with
lar methods for solving Volterra integro-differential equations (VIDE).
ider the class of numerical methods (p,0: Q) (see [3,9,10]) where (p,0)

linear multistep method for ODEs and where Q represents the set of
rature formulae. Choosing for Q (p,0)-reducible quadrature formulae,
btain the class of methods (p,o0;p,0).

The stability analyéis of such methods is based on the test equation

(30)

X
) ' (x) = M(x) + J f(y)dy.
0




11

gh this test equation is equivalent to the convolution test equation
the stability behaviour with respect to (4.2) and (1.7) of the same

method (p,0) is different. To be specific, it is known ([3,9]1) that

ble methods of the form (p,0;p,0) exist for VIDEs. For example,

ng for (p,o0) the trapezoidal rule or the first or second order BD

s (which are A-stable for ODEs) yields an Ao—stable method (p,0;p,0)

DEs. However, for the same underlying method (p,0) used to solve

ra integral equation of the second kind, the property of'AO-stability

‘t.
' STABILITY REGIONS OF THE BACKWARD DIFFERENTIATION METHODS

‘n this section we determine the stability regions of the quadrature
s which are reducible to the well-known backward differentiation (BD)
s for k = 1(1)6. The coefficients a; and b (bi =0 for i = 1(1)k)

0
sted in [8, p.242]. For a discussion of the corresponding quadrature

1 we refer to [10].

"or the BD methods p(ei¢) = 0 only for ¢ = 0, and c(ei¢) # 0 for all
srefore only the Cases 1,2 and 3.1 of 83 can occur. For ¢ =0 (case 1
', we obtain the straight line hzu = (0. Furthermore, since for the
-hods p(ei¢)/c(ei¢) is real and non-zero if and only if ¢ = w, we
h2u =0

> from (3.5), for ¢ = m, the straight linec, + c2hA + c

1 3
is part of the set T'. The values of cl,c2 and c3, computed for dif-

= values of k, are listed below.

k cl 02 c3
1 4 -2

2 16 -4 3
3 400 -60 63
4 1024 -96 135
5 6975 -3840 65536
6 14175 -6240 173056




¢ lines bisect the third quadrant of the (hk,hzu)—plane, and therefore,

7iew of Definition '3, the quadrature methods reducible to the BD methods
not Ao—stable.

For 0 < ¢ < mand k < 5 the system (3.4) has a unique solution, which
1ave computed for ¢ = jn/100, j = 1(1)99. For k = 6 we have found that
system (3.4) has no solution for ¢ = 60° and ¢ ~ 77035'. Consequently,
¢ in the neighbourhood of these values, h) or hzu tend to infinite
les. For this reason the set of curves T for k = 6 was totally different
1 those of the other k values. Furthermore the resulting diagram did not
1it any surveyable representation which led ué to omit the case k = 6.

For k = 1, the stability region has been given already in Example 2.

k = 2(1)5 we give in Figure 1 diagrams of the stability region in the

')-plane, where x = h)A and y G(hzu) with G defined by G(z) = (if z = 0

. V/z else —/:23. In Figure 2 a close-up of Figure 1 near the origin is
M.

The reason for choosing this (x,y)-scale is the following. Suppose
: A and p are fixed, and suppose that one is interested in the value of
wuch that the points (hA,hzu) lie within the stability region for

h < hO (hO may be interpreted as the maximal stablezstepsize for that
4d u). If the stability region is given in the (h)X,h u)-plane, then,
fixed A and u, the point (hA,hzu) moves, as h increases from 0, along
parabola h2u = (hk)zu/)\2 away from the origin. The first intersection

t of this parabola with the boundary curve then determines the value

0" If the stability region is given in the (x,y)-plane, then the point

) moves, as h increases, along the straight line y = x G(u)/A away from
origin which is the line through the points (A,G(u)) and (0,0) in the
)-plane. The first intersection point with the boundary curve then
rmines ho. In the case of a straight line, however, such an intersection
be read directly from the diagram of the stability region.

Due to this transformation the straight lines c

+c2hA+c h2u = 0 appear

1 3
arabolas in the (x,y)-plane. Note also that the scales on the x-axis

y-axis are different.
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CONCLUDING REMARKS

In this paper we have investigated the stability behaviour of a class
direct quadrature methods, viz. the (p,0)-reducible quadrature methods,
© the solution of Volterra integral equations of the second kind. An im-
‘tant result is that within this class no Ao—stable methods exist. The
:stion whether there exist more general direct quadrature methods which
2 Ao—stable, remains open. On the basis of the heuristic argument men-
med in remark 4.1, however, we conjecture that a direct quadrature methc
ot be Ao—stable.

Numerical methods for solving (1.1) which are Ao—stable do exist. An
mple is the second order method discussed in [6]. Their method (which is
lentially a VIDE method adapted to solve second kind integral equations)
outside the class of direct quadrature methods, and hence does not con-

dict our conjecture.
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